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Abstract 

Given a multivariate polynomial h (Xi, . . . , X n ) with integral coefficients verifying an hypoth- 
esis of analytic regularity (and satisfying h(0) = 1), we determine the maximal domain of mero- 
morphy of the Euler product JT primc h (p~ si , ■ ■ ■ ,P~ S ") and the natural boundary is precisely 
described when it exists. In this way we extend a well known result for one variable polynomi- 
als due to Estermann from 1928. As an application, we calculate the natural boundary of the 
multivariate Euler products associated to a family of toric varieties. 
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1 Introduction. 



A classic result of Estermann ([TT]) from 1928 characterized precisely when an Euler product 
Z( s ) = Tip h(p~ a ), determined by a polynomial h(X) G Z[X] with h(0) = 1, admits a meromorphic 
extension to C. In addition, Estermann showed that if this property is not satisfied, then the Euler 
product has a natural boundary as a meromorphic function which he identified exactly. 

This article extends Estermann's theorem to all Euler products Z(s) = h(p~ 31 , . . . ,p~ s ") de- 
termined by any polynomial h(X\, . . . ,X n ) G 1\X\, . . . ,X n ] verifying an hypothesis of analytic 
regularity which is mostly satisfied (see Definition [3} when n > 2 and h(0) = 1. Thus, we charac- 
terize precisely the natural boundary of Z(s) when h is not cyclotomicQ (see Definition [TJ, that is, 
the boundary of a maximal domain on which it can be meromorphically continued. 

1.1 Notations. 

For two positive integers r and n we define: 

h (Xi, . . . , X n ) := 1 + ciiX" 11 X% 21 ■ ■ ■ X" nl + ... + a r X" lr X^ 2r ■ ■ ■ X" nr ; 



Z(s) ~Y[h(p- s \p- s *,...,p- s ") fors= ( Sl ,...,s n ) GC", 
p 

where aj for j = 1, . . . , r are integers and atj for j = 1, 2, . . . , r and I = 1, . . . , n are non negative 
integers. 

We also fix the following notations throughout the article. 

We put a :— (ctej)f e j)<={i n}x{i r} ^ M„ jr (N) the matrix encoding the exponents of h 
whose rows for £ G {1, . . . , n} are written on. := (an, . . . , ae r ) and columns for j G {1, . . . , r} are 
written a.j := t (aij, . . . , a n j). 

For j G {1, . . . , r} we set X" ' := X? 1 ' X^ 2j ■ ■ ■ X" n3 so that h(X) = 1 + ££ =1 aj X a -= . 

r 

We will write for all y G R r ||y|| := S~] y 3 and (y) = Ry. 

i=l 

For s = (si, • • • , s„) G C", and I G {1, • • • , n}, we put: 

an ■— 5R(s<>) ; r e (si) ; a := 5ft (s) := (<n, • ■ • ,a„) ; r := 3 (s) := (n, ...,T„). 

We write for u — (v\, . . . , u m ) and w = \Wi, . . . , w m ) the classical matrix product between v 
and w: 

m 

v • w := ViWi. 

! = 1 

For (5 = (j3\,...,p r ) and s = (si,...,s n ), we will use throughout the paper the following 
equality 

r ri 
2=1 1=1 

which results from the classical identity (s • a) ■ /3 = s ■ (a • */3) . 
x If h is cyclotomic one can check that Z(s) = h(p~ si , . . . ,p~ B ") continues meromorphically to C n (see Remark[2]l. 
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1.2 Statement of main results. 

We first recall the classic result of Estermann [TT] for one variable polynomials. 

Theorem. (Estermann) Let h (X) = 1 + YL=i b m X m = YY m =i i 1 ~ a ™ X ) £ Z[X]. Let f (s) = 
lip h (p~ S ) i w hich converges for K (s) > 1. Then: 

(i) / (s) can be meromorphically extended to (s) > 0. 

(ii) // \a m \ = 1 Vm = 1, .., r, then f (s) can be extended to C. Otherwise, (s) = is a natural 
boundary for f (i.e. for each point s — it on this vertical line, f cannot be extended as a 
meromorphic function on any neighborhood of s — it). 

Remark 1. G. Dahlquist [5] generalized this result to analytic functions h with isolated singu- 
larities within the unit circle. Later, deep work by Kurokawa [15] . [16| and Moroz [2T] extended 
Estermann's result by allowing polynomials h(X) whose coefficients were integral linear combi- 
nations of complex numbers associated to characters of finite dimensional representations of a 
topological group. 

Estermann's main result leads naturally to the following basic definition. 

Definition 1. A rational fraction Q (Xi, . . . , X n ) £ Z(Xi,...,X n ) is said to be cyclotomic if 
there exists a finite subset I of N" \ {0} such that 

Q(x 1 ,...,x n )= n (i-x^ 1 ■■■x^y (x) , (i) 

A=(Ai,...,A„)S/ 

where 7 (A) £ Z for each X £ I. 

In particular when Q (Xi, . . . , X n ) £ Z[Jfi, . . . , X n ] is a polynomial satisfying (fTJ) , we will say 
that Q is a cyclotomic polynomial. 

Remark 2. If Q (Xi, . . . , X n ) — Ylx=(x 1 a )e/ (l ~ ^i* 1 ' ' ' ^n") i s a cyclotomic rational 
fraction, then we have for ai > 1 (I £ {1, . . . , n}): 

nQ(p- s \..., P - s ") = n<;( s - tA r 7(A) ' 

v Aez 
where ( (z) denotes the Riemann zeta function. As a result, it is clear that this Euler product 
meromorphically extends to C™ as a finite product of classical Riemann zeta functions. 
Moreover, if two polynomials hi (Xi, . . . , X n ) and /12 (Xi, . . . , X„) are such that: 

hi (Xi, . . . , X n ) = h'z (Xi, . . . , X n ) Q(Xi, . . . , X n ) 

with Q a cyclotomic rational fraction, then the maximal domains of meromorphic continuation of 
the Euler products Yl p hi (p~ B1 ,p~ S2 , . . . ,p~ Sn ) and f] p ^2 (p~ B1 ,p~ S2 , . . . ,p~ Sn ) coincide. 

So from now on, it suffices to assume the following: 

The polynomial h is not cyclotomic and has no cyclotomic factors. 

Definition 2. Suppose that the polynomial h satisfies the preceding property. 
For all S > we put W(5) = {s £ C" : a ■ oc.j > S, Vj £ {1, • • • , r}} . 

For a polynomial h in n > 1 variable(s), we first observe that Z (s) defines a holomorphic 
function of s in the domain a ■ a.j > 1, (j = 1, . . . , r). In [2], G. Bhowmik, D. Essouabri and B. 
Lichtin showed that there is a meromorphic continuation of Z (s) to W(0). They did so by proving 
the following result. 
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Theorem (Bhowmik-Essouabri-Lichtin) For each 5 > 0, there exists a bounded Euler product 
Gg (s), absolutely convergent on W(5) such that: 

Z(s)= Yl C(s-a-*/3) 7(W Gi (s); w/iere { 7 (/3) : /3 G N r } C Z. (2) 

1<||^||<[5-1] 

In fact, their result is somewhat stronger. They also showed that the function Z (s) does not 
admit a meromorphic continuation to W(<5) for any 8 < 0. This followed from the fact that is 
an accumulation point of zeros or poles of the one variable function t i — > Z (t ■ 0) for almost all 
direction fleR". 

Before announcing the main result, we will first introduce a definition. 

Since W(0) = {s G C n : U(s_aj) > 0, Vj = 1, . . . , r}, then 9W(0) is a polyhedron whose faces 
are of the form ^F(a. e ) = {s£ W(0) : 5R(s • a. e ) — 0} for a vector a. e G {ct-i, . . . , ct. r }. 

We will say by abuse of language that J-(a. e ) is a face of polar vector a.Jf). 

Now let J-"(a. e ) be a face of 9W(0) as above and consider in particular 2. e G N n ,2. e G Qa. e 
the vector collinear with a. e whose nonzero components are relatively prime. 

We also put A e := {j G {1, . . . , r} : a.j G Qa. e }. 

It is clear that for all j G A e there exists qj G N* such that a.j = qj£i. e . 
Then we define: 

[h].(X) := 1+ Y, a ^ 3 

a.jSQa.,, 

\h\e(T) := 1+ a jT qi 6 Z[T] verifying f/ij^(X a ' e ) = [/i] e (X). 

Definition 3. We will say that the face J-(a. e ) is a non-degenerate face if the one variable 
polynomial [/i] e (T) has no multiple root. 
Our main result is as follows. 

Main Theorem (see Theorem [2] §3). 

Assume that the polynomial h is not cyclotomic and admits at least one face J-"(a. e ) o/9W(0) 
non- degenerate in the sense of Definition Let B denote any open ball centered at any point 
s° G J-(a. e ). Then the function Z(s) cannot be extended as a meromorphic function to any 
domain that contains the open ball B. 

The proof of this result extends arguments used in [TT], [5], [2] and [ID] and adds two new ideas. 
The first (see §2.2) is to write h (Xi, • • • , X n ) as an infinite product of cyclotomic polynomials. This 
allows us to manipulate the Euler product Yl p h (p~ si , ■ • • ,P~ S ") beyond W(l) with reasonable 
facility. In particular, this allows us to give a different proof of the fact that Z (s) meromorphically 
extends up to W(0). 

The second new idea allows us to analyze with good precision how the zeroes of Z (s) can 
accumulate (i.e. when they cannot be cancelled out) inside any open ball of any point of 9W(0). 
In particular, we are able to do this provided that these zeroes also belong to a suitable line 
(determined by a real direction vector in R"). Such zeroes must be zeroes of appropriate factors 
of Z(s), given the identity that is derived in §2.2. One might therefore think that rather precise 
information about the location of the zeroes of £(s) would be needed to carry out such an analysis. 
However, this is not really the case. Indeed, the strategy of this work is to concentrate in a 

2 In reality a. e is a polar vector of T(a. e ) n R n = {x = (xi , . . . , x n ) G W(0) nl" : x ■ a. e = 0}. 
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first time our attention to "good" points of <9W(0) in the neighborhood of which we can find an 
accumulation of zeroes without assuming any assumption about the zeroes of ((s) in order to carry 
out this analysis. But a recurrent difficulty in this article precisely consists in proving that these 
"good" points are generic points of <9W(0) (see Definition [6] and Remark Q. 



In §4, our goal is to refine the obstruction to continuing Z(s) across 9W(0) by restricting the 
types of sets along which such a continuation is impossible. 

Since 9W(0) is a real hypersurface in C", it is natural to ask whether there exists an extension 
of Z(s) to a real hypersurface that contains <9W(0). But for this to be reasonable, we must first 
clarify what type of function this extension should be. One such possible class consists of the C-R 
functions. 

Definition 4. A function / continuous on a real hypersurface S) of class C 1 in C n is said to be C-R 
(Cauchy-Riemann) if for any differential form cj of bidegree (n, n — 2) that is C°° in a neighborhood 

of fj and satisfies supp u f\Sy is compact, we have / fdoj — 0. 

JSj 

Example 1. If F is an holomorphic function in a neighborhood of a real hypersurface of class 
C 1 in C™, then f = F \% is a real analytic C-R function on $). 

By restricting our attention to real-analytic hypersurfaces, we are able to show the following. 
Theorem 3. 

Assume that the polynomial h is not cyclotomic and that J-(a. e ) is a non- degenerate face. Let 
denote any real-analytic hypersurface that intersects J-(a. e ) C <9W(0) and is not a subset of 
W(0). 

Then no real-analytic C-R extension of Z(s) to fj can exist. 

In [2] p. 13, Bhowmik, Essouabri and Lichtin have defined a multivariable zeta function 
which is naturally associated to a projective toric variety via a projective embedding in P m for 
some m. The analytic property of this function provide, via tauberian theorems, some results 
concerning the density of rational points on such variety. Some results in this direction have been 
also provided by de la Bretche and Swinnerton-Dyer ([6], [7], [8]). They have obtained precise 
asymptotic estimations of counting functions relative to a height by studying the associated one 
variable height zeta function linked to this class of multivariable zeta functions. 

Furthermore, in 2 , Bhowmik, Essouabri and Lichtin have described the form of these mul- 
tiple zeta functions associated to a toric variety. They proved that such a zeta function is 
an Euler product J"J h*(p~ si , . . . ,p~ Sm ) where h* is an analytic function satisfying h*(X.) = 

(Uugk ( x - X U )~^"A ft(X) with h(X) G ZLYi,...,X m ], it" a finite subset of N m and {c(i/)}„eK 
a finite set of positive integers. 

As an example of the main result of this paper, we improve a result of [2] by giving the exact 
domain of meromorphy of a family of multiple zeta functions associated to the hypersurfaces 

X\ • • • X n — X n _^_-i. 

Indeed, we have in particular (see [2], Theorem 7) the following expression for the multiple 
zeta function Z n (si, . . . , s n +i) asssociated to x\ • • ■ x n = 

r, i \ I~li=l C( ns i + Sn+l) T-r T , , -a, -s„_i_i\ 

Z n (si, . . . ,s„+i = — ■ ■ rllK(p \-..,P " +1 J 

C(si + h s„+i) Y" 

with 

V n (Xi, . . . ,X n +x) = ^2 XI 1 ■ ■ ■ X r " X^+/ n . 

rG{0,... t n- 1 } ; ri 1 1 1 r |] 

And since all the faces of 9W(0) computed from the polynomial V n (Xi, . . . , X n +i) are non- 
degenerate faces, we obtain the following result: 
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Corollary 1.1. The exact maximal domain T> of meromorphy (in the sense of Theorem 3) of the 
zeta function: 

Z n (si,...,S n +l) = 



SI a Tl+l 

i eZ;jc(i(x i ;i = l,...,n) = l 1 n + 1 



+ 1 



is given by V = Is e C" +1 ; Vr G {0, . . . , n — 1}™, n \ \\r\\\ s 1 r 1 s n r n + s n+1 > 



n 



2 Rewriting Z (s) as a product of zeta functions and 
meromorphic continuation. 

2.1 An inversion formula for a multivariate arithmetical function. 

The following result, which generalizes the inversion formula for a single variable arithmetical 
function, will be used to prove a basic identity in §2.2. 

Definition 5. Given a multivariate arithmetical function g : N" \ {0} — >- C and a classical one 
variable arithmetical function / : N*(= N — {0}) — > C, we define fig : N" \ {0} — 5- C as a 
multivariate arithmetical function by setting: 

V/3 e N n \ {0} , fig (f3) = Yl f ( m ) 9 ( b ) ' 

be»"\{o) 

771 £ N* , 

mb=/3 

Lemma 1. Given a multivariate arithmetical function g : N n \ {0} — > C, and two arithmetical 
functions : N* — 5- C, we have the equality fi*{f2*g) = (fi * $2) *g, where * denotes the 

standard convolution product between one variable arithmetical functions. 

Proof. We have for all [3 e N" \ {0} : 
fi*(fc*9) (/3) = Eben»\{o}, h {m) (f 2 *g) (b) = EbeK«\{o}, h M£e€K»uo}, h (d)g(e) 

mb— (3 mb- (3 tie— b 

= Eea»\ f o), h (m) h ( d ) 9 ( e ) = E ee N"\{o } , (E md =fc h ( m ) h (0) 9 (e) 

(7n,d)e(N* ) 2 , fcEN*, 
mde = <3 fce=/3 

= EeeN"\{o } , (/i * h) ( k ) 9 (e) = (fi * h) ig (/3). This completes the proof. □ 

ke=/3 

Thus, if / is an invertible single variable arithmetic function (with respect to convolution), and 
if we know f*g, we are able to find g: 

Corollary 2.1. Let f : N* — > C be an invertible arithmetic function with inverse f- 1 . Then, 
for any multivariate arithmetical function g : N" \ {0} — 5- C we have for all f3 € N" \ {0}, 
3(/3) = r 1 S(/Sff)(/3). 

2.2 Meromorphic continuation of Z(s). 

In this subsection we give a different proof (from that in [2]) that Z(s) has a meromorphic contin- 
uation in W(0). Our argument is based upon an expression for any polynomial h as in §1.1 as an 
infinite product of cyclotomic polynomials. 
Consider the following quantity: 

C:=C(h) = T — ; 1— r. (3) 



() 



It is clear that if each \Yi\ < C (i — 1, . . . , r) then: 



< 1; 



(4) 



and we verify that C = C(/i) is maximal among the C satisfying ([4]). 
Lemma 2. // eac/i \Yi\ < C = C(h) = ai | + . 1 . + | a | , then we have: 

l + aiY 1 + --- + a r Y r = ]J (l - Y/ 1 • • • Y/' 



703) 



(5) 



where the right side converges absolutely and each j(0) € Z and satisfies the equality: 



7(/3)= K-1) 11 * 11 r^ ! 1 ' ' ' ^ ) £Z (v(-) denotes the MoMus function). 

mGN 
tti b~f3 

(6) 

in addition we have | 7 (/3)| < C HI/3 " uniformly m (3 E W \ {0}. 

Remark 3. The fact that y(/3) £ Z can be proved by recurrence on ||/3|| in the same way as in 
[11] p. 448 in the supplement of the appendix added on January 14, 1928. 

Proof (Lemma [2}. Let us estimate y((3) by using the expression given in ©. We have: 



Itwi s 2^ m6l! ... ibr! lll^l 2^ 6l! ... )6r! lll a ^ 

beW\{0} ' J = l b£N r \{0} ' r 3=1 

m£N meN 
mb- /3 mb— /3 

s Pi S £ iSilH'^Iw-^- 

IIMH m|||/3||bGN-\{0}_ ||3|| 3=1 m|||/3|| 

— iliaiP (\ ai \ + ' ' ' + lirl)'" 3 " where t(||/3||) is the number of divisors of | 
IIP I 

" I Jf§f' C ' m <<C uniforml y in /3 G N r \ {0} . 

Now put G(Y) := Yl ( 1 - Y i % ■ ■ ■ Y r T ) 

/3£N''\{0} 

Verify that G(Y) is an holomorphic function in {Y £ C r : max, |Y;| < C}. 
So let < Ci < G and let us prove the convergence of G for maxi \Yi\ < C\. 
We have for IYJ < Ci: 



C 



£ IT^HY' 3 ! < £ Cf-ll"»(7f I' = £ 

i36Jr\{0} /3etT\{0} /36tr\{0} 

Hence Y i — > G(Y) converges absolutely and defines an holomorphic function in T> := {Y 6 
: max; \Yi\ < G}; moreover, for all Y € T> we have: 
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log(G(Y)) = Y, 7(/3)log(l-Y' 3 ) = - ^D"*"*- 

/3eN>-\{0} /3eN r \{0} m=l 

And since converges absolutely for Y £ 2?, we have: 



(7) 



log(G(Y)) = - E ( E 

beN r '\{0} \ /3SN»"\{0},mGN,m/3=b 



b 



E if E 11/311703)) v 



(8) 



But we have: 



n/3|| 7 (/3) = X) /* M (- 1 )" b "" 1 brr^ti^ 1 ■ ' ' a '" ; 

m6N,b6N r \{0},mb=/3 



And by Definition [S] we have: 



|l/3|| 7 (/3) = pig (fl) ; 



where p, denotes the Mobius function, and the function g is defined by g (/3) = ( — l)'" 3 " 1 -Ji£M_j. a ^ 1 . . . a ^ r 
for /3 G N r \ {0}. 

Since the function 1 being 1 everywhere is the inverse of the function p, we obtain: 

£ -H/3II709) = (-I) 111 * 11 - 1 JML^....*. (9) 

3mGN„9GN r- \{0},m / 3=b 

So the identity © provides: 

WOOD) - E H ( - 1)llbll ^ abYb ^^(E57^ ^ b^I<'•.>'.) , ') 

beBf\{0} 11 11 fc=l \l|b||=fc 3=1 / 

+°° f_l")* 

= ( aiYl + • ■ ■ + <VYr) = log (1 + aiYl +■■■+ CLrY r ) ■ 
fc=l 

which completes the proof of this lemma. □ 
We fix a polynomial h as in ill. H and consider the quantity C = C(h) introduced in ((3|: 
Corollary 2.2. // each \X a ^ | < C for j G {1, . . . , r}, then: 

f n \ 7(/3) (H\ 

i+ ai x^+.--+a r x^ = n (l-n^r* 19 ) - n . 

/3GPF\{0} V f=l / /3GI*F\{0} 

Theorem 1. The function Z (s) is meromorphic on W(0). 

Moreover, if we write for all 8 > Ms = + 1 (Ms G N), there exists Am s meromorphic 

on W(<5) with possible zeros or poles in the set: 

$s = {s G W(5) 3/3 G N r ,s ■ a ■ t f3 — p, p zero or pole of ( (s)} ; 

and such that this relation holds on W(<5); 

Z(s)= J] h(p-'\...,p-'»)A Ml (s). 

p<M 5 
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Proof. We show that Z (s) is meromorphic on W(<5) for all S > 0. 

1 - X"' ") , where the 

pew\{o} 

right side converges absolutely. 

We know according to the previous lemma that \-y((3)\ = O (c^ 1 " 3 ") . Thus, for (3 £ W \ {0} 
and s G W(<5) we have: 

E |7(/3K S - P \ < |7(/3)| E P"""" " < l7(/3)l / * HIW <k 

p>M, P>M, , ' M « 



O (| 7 (/3)|M- |l/3|i5+1 ) = o{c~^i 
Since \x\ < 1 implies E] :r "' 3 " = f Y~ — ) — * < an< ^ smce > C ^' we see tnat 



/3SN--\{0} 

e can be supposed small enough so that Ms > (C — 2e)~ 7 . Then we have 



E E |^ <+~; 



p>M s peN r \{0} 



and thus according to Fubini's theorem applied with the counting measure we obtain: 



7(W -rr T-r f. _ s . a .*/3V (/3) 



ii ii (i-p-~*r'- ii no-* 

P>*fj /3SN'-\{0} /3ef>F\{0}p>M, 

We then have, initially for cr fc > — , (fc = 1, . . . , n) (i.e. |p~ Sfc | < C for each fc), and 
subsequently by analytic continuation to W(<5), the following equality: 

n h{p-°\..., P -^)= n cm 5 (s-«-^)" 7(/3) , 

P>M 4 /3eN r \{0} 

where 

CM,(s. a .*/3)=C(s-a. t /3) rj (l-p-~*). (10) 

p<M, 

We then notice that for all z with 5ft (z) > 0, C (2) and Cm, (2) have exactly the same zeros 
with the same multiplicities since 5ft (s ■ a ■ */3) = <x • at ■ (3 = J2j Pi i 17 ' a -j) > $ when s 6 W(<5) 

and does not vanish when p < Ms and 5ft(z) > 5. 

Set A Ma (s) = n Cm, (b ■ a • */3) ~ 7(/3) . 

/36» r \{0) 

The zeroes or poles of Am, must belong to $4. Moreover, Am s is meromorphic on W(<5). 
Indeed, we write A Ms (s) = Ai, M , (s) A 2 ,m, (s) , with Ai, M , (s) = Q Cm, (s ■ a ■ */3) 7(/3) 

11/311 < ^] 

and A 2 ,m, (s) = [ J Cm, (s ■ a ■ */3) 7(/3) . 
II/SIIX*- 1 ] 

Ai,m, is clearly meromorphic on C n since it equals a finite product of meromorphic functions. 
For A 2 ,m 6 , we have for ||/3|| > [S' 1 ] + 1, 5ft (s • a • */3) = a ■ a • */3 > ||/3||5 > 1. 

„„c k ,„ (..«.«- .1 s jg < . ^ Mf v, 
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Therefore, 



£ hWi|c*.(.-«-^-i|< £ ((Sf)"""p^r< + ^ 

W\\>[S-1]+1 ||/3||>[5-1] + 1 V^"^ / 

which proves the meromorphy of A2 t u e , and so of Am s on W(<5). 

Finally, since Z (s) = Am s (s) J^J /t (p~ ai , . . . ,p~ s ") ; it follows that Z (s) is meromorphic on 

p<M 5 

W(<5). 

This completes the proof. □ 



3 Natural boundary of Z(s). 

In the preceding section we have proved that Z(s) meromorphically extends to W(0). The aim of 
this section is to prove that <9W(0) is a natural boundary of Z(s) when h is not cyclotomic and 
admits at least one non-degenerate face J-(ct. c ) in the sense of Definition [3] 
Let us start by giving the definition of what we mean by a generic set: 

Definition 6. A set G C E is said to be generic in E if the complement of G in E has empty 
interior. 

Remark 4. In the following when we will use the term "generic point" in a set E, it will be 
understood that we consider any point belonging to some generic set in E. 

The underlying idea behind the proof of the main theorem is the observation that if there exists 
a meromorphic extension that is defined at some point of <9W(0), then such a function would also 
have to be defined in some open ball of a generic point of 9W(0). Consequently it suffices to 
restrict our attention from the beginning to any generic point s° of <9W(0), and then prove the 
existence of an accumulation of zeroes or poles of the restriction of Z(s) to a suitable line through 
s° with real direction vector € Q™ (i.e. with parametrization t — > s° + tO). In fact, the generic 
set we end up using is constructed in several basic steps (see the condition pip and the proofs of 
Lemmas [5] [7] and[8)|. 

Note: Since the argument here is particularly difficult to follow because of technical difficulties, 
some comments (clearly presented as such) will be add throughout this section to make the proof 
more readable. Obviously these comments are not part of the proof itself. 

We recall the assumption (see §1) that h is not cyclotomic and does not contain any cyclotomic 
factor. For Z(s) determined by h, our main result is as follows. 

Theorem 2. If T(a. R ) is a non-degenerate face o/9W(0) in the sense of Definition^ then Z (s) 
cannot be meromorphically continued into any open ball B centered at any point s° £ iF((x. e ) C 
3W(0). 

The proof of Theorem [2] will be done in two basic parts. 

In Part 1, we will show the existence of an accumulation of zeroes coming from the factors 
t i — > n p <A/,5 h {v~ Sl ~ t01 1 ' ' ' ,p _s "~' e "j. Here, the delicate point to verify will be the existence 
of such zeroes with positive real part, meaning that all such zeroes lie "to the right of (or "above") 
3W(0). 

In Part 2 we prove that these zeroes are not cancelled by possible poles coming from ("-factors of 
Am 5 (s° + tO) . For this we first remark that the zeroes or poles of Am 5 (s° + t0) can be expressed 
as follows: 

, . , p - s° ■ a ■ *3 
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where /3 G N r \ {0} and p designates the pole 1 or a non-trivial zero of the Riemann zeta function. 
The key observation in Part 2 is that we can always choose a generic s° £ 9W(0) (via a second 
generic condition we impose upon both <r° and r°, see Lemmas and [8| so that for all p and for 
all /3 G N r \ {0} h (p-?-*W.ri* , . . . (p -.°-t<A,>)8„\ ^ q 

So let s° G .F(a:. e ) verifying er° • a. e = and consider an open ball B(s°) = B of radius 
arbitrarly small around the point s°. 

Moving s° G 9W(0) n B if necessary, we can assume that er verify the following genericity 
conditions given a column w G Q n : there exists e G {1, . . . , r} such that 

<r° ■ w = ^> w G Qa. e . (11) 

In particular we have: if (3,f3' £ W \ {0} are such that cr° ■ a ■ t (3 = cr° ■ a ■ *f}' , then 
a-*/3' e a - f j3 + Qa. e . 

Moreover, by rearranging the indexes if necessary, we will suppose from now on without loss 
of generality that 

a„ e + 0. (12) 
Definition 7. We define the e-th main part of h to be the polynomial [h] e (X) = 1+ o 3 X a J . 

Definition 8. We set A e = {j € {1, . . . , r} : cx.j € («. e )} and B e = {/3 G N r : f3 3 ; = if j £ 
A e }. 

Proof of Part 1. 

Comment. The aim of this part is to find an expression of zeroes of the factors involving h in 
t i — > Z(s° + tO). The fact we fix a point s° G <9W(0) in a direction 9 G R n naturally reduces the 
study of the zeros of the multivariate polynomial h to those of a generalized polynomial of two 
variables W(X, Y) (depending on the parameters cr°, r°, and p). The main difficulty of this part 
will be to prove the existence of Puiseux branches of such a generalized polynomial so to obtain an 
expression of the zeroes of t i — > h (v~ Sl ~ tBl , . . . ,p~ Sn ~ te " j for all prime number p large enough. 
This is what we do in Proposition [l] 

Recall that thanks to ij2.2l we have, for any S > 0, the following expression for Z(s) whenever 
s G W(8): Z{s) = Y[ h(p- s \--- ,p"'")A Mi (s); where Ms = [c^J + 1 and C = C(h) = 

p<M s 

[^jT^TT+u i ■ Then consider Z\l, where L denotes that part of the line L(s°,0) parametrized by 
s° + t6 with > 0. The aim is to prove the existence of an accumulation of zeroes of Z\l in 
any rectangle H UlI) depending on two parameters (u, r\ > 0): 

E u , v : 0<3i(t)<l 

< u < Q (t) < u + t). 

To be able to use the infinite product expression given by Theorem[T]for Z\l, it suffices to impose 
the following condition on G Q n : 

■ a. j > 1 for all j G {1, . . . , r}. (13) 

Then it is simple to verify that when satisfies (TJ3} and SR(t) > 5 > then s° + tO G W(5). 
Indeed, we observe that for all j G {1, . . . , r}, (cr° + K(t)0) ■ cx.j > 5K(t) > 5. As a result, we can 
apply Theorem [1] to get a product expansion for Z(s° + t0) whenever SR(t) > 5, for any 5 > 0. 

We now state a lemma that will be used several times in the following discussion. The proof 
of this classic result follows from the Weierstrass Preparation Theorem and can be found in pQ. 
Lemma 3. Let f : U —¥ C be a nonzero holomorphic function defined on an open set U C C n . 
Then the zero locus / -1 (0) has empty interior inside C n . 
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Definition of generalized polynomials. We will need in the following to enlarge in a 
certain sense the class of classical polynomials of two variables. 

Definition 9. We will say that W{X, Y) is a generalized polynomial if for all X 6 C \ R_ and 

r 

Y G C deprived of an half-line we have W(X,Y) = 1 + ^2 / c j X" j Y^ ( Cj G C); where for all 

3=1 

j G {1, . . . , r}, Vj G R>o and G Q>o- 

Notice that contrary to the classical polynomials, the generalized polynomials W(X, Y) are a 
priori defined only for X, Y G C deprived of an half-line since it is necessary to be able to define a 
logarithm to define them. 

Thus when we will speak about a generalized polynomial W(X,Y), it will be understood 
throughout the remainder that we consider it for X G C \ R_ and for Y G C deprived of an 
half-line of the form e ib R+ with b G R. 

Now we first fix a triplet fi — (p,T°,9) of parameters. It will always be understood to be the 
case that p is a prime number, satisfies (|13p and r° G R n . 

Then we consider in particular the generalized polynomial for cr° satisfying 

W^^o (X, Y ) = 1 + (up X X 1 Y 1 -\ \- a r p T X r Y 

Setting s° = a + ir°, it follows that W^ ^o (p _1 ,p _t ) = h (p~ Sl ~ t01 , ■ ■ ■ ,p~ Sn ~ tBn 

Notice that for a fixed fi, W^^o {p 1 >P *) is we ll defined for almost all t G H UiI) (i.e. for all 
t G H Ui , except at most a finite number). Indeed, p~ x G C\K_ and if we choose the branch e lb R+ 
and the corresponding determination of the logarithm to define Wu „o (X, Y) on C\R_ x C\e lb 



then we have p ' G e lf, R+ if and only if there exists k G Z such that 



m - (14) 

log(p) 

hence there is at most a finite number of such t G H u ,^ verifying (|14|l ; which justifies the fact that 
W^ ^o is well defined for almost all t G S UiV . 

Now the idea is to use one of the tools which have been developped by M. du Sautoy when 
he studied Euler products associated to a polynomial of two variables ([5]). He uses in particular 
the Puiseux series theory, a generalization of the implicit functions theorem. However, the clas- 
sical Puiseux theory fits badly for the class of generalized polynomials since the classical Puiseux 
algorithm applied to a generalized polynomial don't provide a priori a convergent solution or 
even a formal solution. In addition, the using of the multivariable Puiseux theory don't provide 
satisfactory results because of a very bad control of the domain of convergence of the solutions. 

This is the reason why we use the hypothesis of Definition [3] which permits to reduce the 
problem and to apply the implicit functions theorem by considering these generalized polynomials 
as multivariable polynomials whose variables are specialized; in this way we justify the existence 
and the convergence of the solutions for X G C \ R_, \X\ in the neighborhood of 0. 

Precisely, we want to express, for X in a neighborhood of 0, Y as a function of X such that 
W^o- (X, Y) = 0. However, W^^o (X, Y) is not a real polynomial; and we must justify why 
it is possible to generalize the Puiseux theory (that we could find in [3]) for the polynomials of 
two variables to this class of generalized polynomials. The main difficulty here comes from the 
fact that the exponents of the monomials of Wu, a o(X, Y) are not integers; hence Wu ^o(X,Y) is 
defined from a determination of a logarithm and does not defined a regular function in X = 0. 

Puiseux theorem for „o (X, Y) 
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Definition 10. We put S. e G N* the vector collinear with ct. e whose nonzero components are 
relatively prime. In this way, if j G A e , there exists q^ G N* such that a.j — qja. e . Then we put 

\hfe(T) : I • X «./* . 

Since J-(a. e ) is supposed to be a non-degenerate face, the polynomial [h] e (T) has no multiple 
root. For the following we will suppose that 9 ■ a. e is a positive integer (we will precise later (see 
(|26|) ') that we choose so that ■ a. e is a positive even integer). 

Comment. The analytic behaviour of these generalized polynomials W^ ^o (X, Y) being much 
more complex than for classical polynomials, this is where we will recourse to the assumption of 
non-degeneracy of the face J-"(a. e ). In addition, this hypothesis permits to have satisfactory results 
concerning the convergence of the Puiseux branches of W^ ^-o (X, Y). Note in particular that the 
domain of convergence H of these branches obtained in Proposition Q] does not depend on the pa- 
rameter p, which is essential since we want to express the zeroes of t i — > h (j}~ Sl ~ tei , . . . , p _s ™ _t8 ™^ 
for infinitely many prime numbers p. 
Proposition 1. Puiseux theorem for W^^o (X, Y). 

We fix the parameter vector fi = (p, r°, 0). Let q € N* be the smallest positive integer verifying 
qO ■ a.j G N* for all j — 1, . . . , r. We consider the finite set: 



G C; 3c root of [h] e (T) such that 



q0-OL. & iT | 

— p C , 



There exists ei > (not depending on p nor on t° ) such that for all X 6 M. := {X G C\R_ , \X\ < 
ei} the equation W^ )a .o(X, Y) = admits the set of solutions Y — c jCr o (X) (c^ G r^); where 
for all Cfj, G t M X i — >■ Q.^ j(T o (X) is an holomorphic function on rl and satisfies Q,^ c a a ( X ) = 

^2 c fc (c^, n)X^ a )fe , with: 

fc=0 

1. k Cix G N U {+oo}; 

2. #(<x°)o = < i9(o~°)i < ■ ■ ■ is a stricly increasing sequence not depending neither on p prime 
nor on r° G t"; 

3. limfc_> +0 o &(<r°)k = +oo i/fi: CM = +oo; 

4- there exists two constants D eQ > 1 and A(a°) > (independing of p, r° and k) such that 

\ck(Cfi, <C ' fc uniformly in p prime and in k; 

l 

5. co(c,j,,/i) = c^, in particular [co(c^, fX)\ = |c| 8 "-? . 

Moreover {cq(c, 1 , fj,); c^ G r^} = {it G C; 3c root of [h] e (T) such that u qB a " = p 1 ^ ' a "c\. 
Proof. We make the change of variable Y = Y± . The problem is reduced to resolve the equation 

= 1 • Y. "■" 5 + E "••/' ^ " A"'" (15) 

= l/ff ajp-^^Y^ - 5 ' "•/< - " A- " . 

Now if Yi = Y X (X) = C/J , + o(l) for X -> 0+ is a solution of W^opsT, Yi) = when X -> 0+, 
then we have necessarily 1 + ajP~' qjT ' '""cj?^ a " = 0; and hence c = a "cj^ a e is a 

jSA e 
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root of the polynomial [h] e (T) — 1 + a,jT qj . We deduce that is a qG-a. e -th root of p %T a "c 

where c is a root of the polynomial [h] e (T). Thus c M G t^. 

Reciprocally, let G r^. Then there exists a root c of the polynomial [h] e (T) such that 
c qO a. e _ pi-r a ec rp ne roo ^ c Q £ [ft,] e (X") is necessarily nonzero since [/i] e (0) = 1^0. We make the 
change of variable Yi = C/L1 (1 + Y 2 ) . We search Y 2 = Y 2 (X) such that W^o (X, c tl (l+Y 2 (X))) = 
and Y 2 (X) when X 0+. We put G(X, Y 2 ) := W^o (X, c M (l + Y 2 )). We have: 

G(X, Y 2 ) = 1 + ]T a 3 p- l9 ^°' a e c^ e ' a e (1 + Y 2 ) qq i e - & ' 

+ £ a jP r ' Q A " " :l • 

= 1+ ^ a i c^(l + y 2 ) 993e ' a ' ; 

^A e 

Since the ■ a j G Q>o and the <r° - a.-, G R>o (j ^ A e ) and by the choice of q, G(X, Y 2 ) is 
defined and holomorphic on X>i := C \ R_ x C. Put for all X = (X,)^ Ac G C~ #Ae and for all 
Y 2 G C: 

F(K,Y 2 ) a 3 c q i{l + Y 2 ) qq i e - a ' + ajX^l+Y^" ^. 

j£A e jt£A c 

This function (X, Y 2 ) i — > F(X, Y 2 ) is clearly holomorphic on U = C r ~* Ae x C and we also notice 
that this polynomial does not depend neither on p nor on t . Moreover, for all (X,Y 2 ) G V\ we 
have: 

G(X,Y 2 ) = F ( T ,v cf A" " ) ^ ,F 2 ) . (16) 
Furthermore, we easily check that in the neighborhood of (X, Y 2 ) = (0, 0) we have: 

F(X,Y 2 ) = 1+ a iC q i (l + q qj 0-a. e Y 2 + O(Y 2 2 ))+O(\\X\\) 

j'eA e 

= +1(0- s. e ) ( E w ) y 2 + o (iixii) + O {Yi) 

= [h] e (c) + qc(e- a. e ) [ft]£(c)y a + o (iixii) + o (y 2 2 ) . 

And since the face T(ot. E ) is a non-degenerate face by hypothesis, c is a simple root of [h] e (T), 

and hence [h] e (c) = and [h]' e (c) ± 0. We deduce that |^-(0,0) = qc(0 ■ a. e ) [fr]{(c) ^ 0. Hence, 

according to the implicit functions theorem, there exists eo = £o (/i) > (independent of p) such 
that 

X G £>(0,£o) — {X G C r -# A = | ||X||< e } 
F(X,Y 2 ) = 

is equivalent to 

X G £>(0, eo) = {X G C^*^ \ \\X\\< e } 

Y 2 = V(X); ( ' 
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V a fT OL. 



where 

v(x) = y, 

E m n 

converges and is holomorphic in D(0, eo). In particular, we have uniformly in p prime and r° G R n : 

« f^J • (18) 

Now since er° • a.j > for all j A e and since [p _vr °' 01 -ic2?' < *' J | = |c| 8-«-e for all j ^ A e , the 
identity ()16|) implies the existence of ei = ei (/i, cr°) > (independent of p and t°) such that for all 

X e H := {X e C\R- : \X\ < ei}, the point X(/i) = (/; r Q .-jf '* A" " ') _ £ D(0,e ); 
and V(X(m)) = E AHp-^^Ae"^ -"^^^^^ 9 '"^ 2 ^ 

Put 8. := < ^jO" ■ a.j : v = (vj)j^A e G N r * Ae > which is a discrete part of R+. So there 
[j^a c J 
exists a strictly increasing sequence (finite or infinite) of such that A = {i9(cr°)fc : k = 
1, . . . , k c } with k c 6 Nu{+oo}. Moreover, it is clear that if k c = +oo then limfc-j+oo ■&{a°)k = 
+oo. And if we put for all k < « c „: 

c fc (c M ,M) = E A(„) P -*£«a. ^"^c^ 

"=(^)j«A c e« r -* Ac 
E 3( ?A e ^(°-°-« J )=''(^ )fc 

the fact that z/j < ^.u^* for all j £ A e since ^jcr ■ a.j — i9(cr°)fc and (|18l) provide the 

estimation: 

|c fc (c M ,M)l«(^-J JI^ 7 ^ ( } 

uniformly in p prime and in t° G M". Consequently we have for all X 6 1~L — {X 6 C \ R- : 

|X| < ei } V(X(fi)) = ^ c fc (c M , /i)X ,5( ' T0)fc . We conclude using the fact that Y = (c„(l + r 2 )) 9 = 

c«(l + F 2 )«. □ 
Remark 5. Notice that the solutions obtained in Y of W^^o (X, Y) = appear as q-th powers. 
Thus there will be no problem in the following related to the manipulation of rational powers 
6 ■ a.j in Y of W IJL rT o{X, Y) when we will replace Y by these solutions. 

To simplify the writing introduced in the previous proposition, in the whole following we will 
write any solution of W„ CT o (X, Y) = (in finite number) as follows: 

(X) = c„, + c^X* 1 +■■■ + c^nX"" + o , (N > 1); 

where -& N = #(<x°)w >•••,> #i = #(<x°)i > and c p , m G C for all m > 0. 

In particular c^,o is a root of the one variable polynomial [W (ii(T o] e (y) := 1+^^ a jP l ' r ° L ] y e '° L l 

We can also notice that if we set 

- T 0.c«. e 

ce,o = c^.op ! B a " , (20) 
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then \cg t o\ = |c^,o] and cg.o is a root of the polynomial 1 + ]Cj 6 a a jV e ' a ' s ■ 

Thus we can describe the zeroes of t i — ► W„ ^(p - ,p ) via these Puiseux branches; they can 
be expressed as follows: 

t a _ log ftVgf (p" 1 )) | 27rmi _ 
m '' i '' :r log(p) log(p) ' 

where m G Z and p is a prime number large enough. 

Comment. In the following, we want to prove that the branches fi^o-o (X) satisfy some properties, 
in particular the fact there exists at least one branch such that |fi^ i<T o (X)\ < 1 for X > small 
enough in a way to have 5ft (t m „ ia .o) > for p large enough. 

But to do this, it is necessary to select certain values of the parameters <t°,t° and on which 
depend the branches Q^^a (X). 

For the parameters <r° and r°, the major difficulty will be to prove that their possible values 
that provide the desired properties for fi^o-o (X) are generic, that is are so many that it is always 
possible, moving the point s° inside the ball B if necessary, to assume that s° = <x° + zr° with 
"good" values for <r° and r°. 

Concerning the direction 8, it will be necessary to guarantee the existence of at least one value 
of this parameter for which we are able to prove the desired properties for fi^ (X) provided 
that the other parameters er° and r° belong to the generic set of "good" values. 

The following lemma [4] is a good illustration of this principle which consists in integrating the 
dynamic aspect of parameters. 

The following technical result will be useful later to show the existence of a particular index 
e G {1, . . . , r} \ {e} (see <\'2ty ) that will be important when we will need to calculate the second 
term of a Puiseux branch. 

Lemma 4. Fix a prime number p and a direction and consider the parameter vector /i = 
(p, t°, 9) for some r° £l°. Suppose that there exists c G C \ e ib R+ such that for all X G C \ R_ 
and for all a in a generic set so that s° G B n <9W(0) we have W^ ^o |,-o =0 (X, c) = 0. Then we 
have necessarily |c| 7^ 1. 

Proof. Let us assume that there exists c G C* such that for all X G C\R_ W„ j(T o | T o =0 (X, c) — 0. 

By hypothesis, there exists at least an open ball U C R" such that for all o -0 6 U {x G K™ : 
x ■ a.. e — 0} and for all X G C \ R_ we have: 

w^o | T o =0 (x,c) = l + ^a^-V'^ =^(VV\...,jrV") =0. (21) 

Moreover, the only constraint of <r° € U fl {x £ R" : x • a. e = 0} is that its components must 
verify <r° ■ a. e = 0. Consequently, since we have assumed (see |H}) without loss of generality that 
ct ne 7^ 0, we can consider cr° € U PI {x G R n : x • a. e — 0} as a (n — l)-uple cr° = (<t", . . . , (T^.j) 
in an open ball U C R' I_1 by putting: 

° = S° (£G{l,...,n-l}), 



1 

-— E 



~0 



Then define for all x G 



U — > R"" 1 
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It is clear that IJ:e>o &x(U) describes a nonempty open set U' of (0, oo) n 1 . Consequently, for all 
(ti, . . . , t n -i) £ U' there exists x > and er° = (<t?, . . . , o"°_i) £ (7 such that (ti, . . . , t n -i) = 
(x^ 1 , . . . ,a; <T "~ 1 ^ and we have: 



n-1 



X "C 



= according to (|21|) . 

Moreover, there exists a nonempty open set U" of (0, oo) n_1 such that for all (yi, . . . , y n -i) £ f/" 
there exists (ti, . . . , t n -i) £ (7' verifying for all i £ {1, . ..,n — 1} = ti. But the function 

.,1^-0 .— > 4 y °" e((l ^-/"-S^ilyr") is holomorphic on (C*)"" 1 . And 



since it vanishes on an open set U" de (0, oo)" , we have in fact V(yi, . . . , j/n-i) £ (C*) n , h I j/^'c 
0. Hence the polynomial Xi ■ • ■ X n _ i . . . , X„) vanishes on % n (C*) n_1 where "H is the com- 

n 

plex hypersurface defined by the equation c a e X" e — 1=11 X"' e c~ ia ' e —1 = 0. We deduce 

l=i 

that Xi ■ ■ ■ X n -ih(Xi, . . . , X n ) vanishes on the whole hypersurface H and hence the polynomial 
c~ 6 a e X™ " — 1 divides a power of the polynomial Xi . . . X n -i h(Xi, . . . , X n ). Since the polyno- 
mials c _fl-a - e X a - a - 1 and Xi . . . X„_i are relatively prime, we deduce that the polynomial 

P C (X) := r e " 'X a ' - 1 (22) 

necessarily divides a power of h; and hence -P C (X) divides also h because all irreducible factors of 
P C (X) are of multiplicity 1. And since h is with rational coefficients and c is an algebraic number, 
the polynomial Q(X) := TTP (: /(X) 6 Q[X] (where the product is done over all the conjugates c' 

of c) also divides h. Remark that Q(X) can be reduce in fact to a one variable polynomial (by the 
change of variable T := X a e ). Moreover, if we assume by absurd that |c| = 1, we could apply the 
criterion ii) of cyclotomy of Estermann's result to the one variable polynomial Q(X) to deduce 
that this polynomial is cyclotomic; which is not possible since h does not contain any cyclotomic 
factor by hypothesis. □ 

Now the problem consists in finding an infinite number of f m jl „o of positive real part. This 
reduces to finding Puiseux branches SI o(X) such that |S1 o | < 1 for \X\ small enough. For 
in such an event, it would follow that for p sufficiently large, t m „ We will show in the 

following (see Lemma|J that we can always find such a branch Sl^ (X) such that fl Ml0 -o (X) I < 1 
for \X\ small enough. Note in passing that for p large enough W„ itr o (X, Y ) is well defined by 
putting X = p~ x and Y = p"'™,^ since G C \ R_ and p~V»*,°- eC\ e ib K+ since: 

. p. ( bg|W^i) 2imn\ _ - arg(c„, ) + O (p^ 1 ) + 2nm 

^ tm >^°> ^{ log(p) + log(p)J log(p) 

-arg(c 6i0 ) + O (p'^"- 1 ) +2irm r° • oc. e -b + 2Ztt 

log(p) ■ a. e log(p) 

if we choose r° £ R" generically. 

Now if the one variable polynomial 1+53 e a ajy 8 a j is not cyclotomic (which is equivalent to 
have [h] e and [If, CT o] e not cyclotomic), the fact that its coefficients are integers implies there exists 
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at least one root c* whose norm is strictly less than 1. As a result, it follows that there also exists 
a Puiseux branch (T o(^) with constant term c^ such that | < L Thus, \Q* ^oG^QI < 1 
for \X | sufficiently small, which is what we need to complete Part 1. 
The situation is therefore more complicated when: 

\Wu a-°]e is cyclotomic. 

We will therefore assume this property for the rest of this first part. In this event, it will be necessary 
to study the second term which appears in any Puiseux series r2 (ij(T o(X) of W Alj(T o(X, Y). 

Consider a set J made of representatives of each class of the following equivalence relation ~: 

a.j ~ a.ji a.j — a.ji G Qa. e . 
Then we write W^«(X,Y) = [W^o] e (Y) + £ X CT °'"-o R^ (Y) with R^ (Y) = 

ajp _lT a jy 6 ' 01 j . Recall that since we suppose here that [W^ ttT o] e (Y) is a cyclotomic poly- 

nomial, all its roots are of modulus 1. 

Let c^,o be a root of [W l<T o]e of multiplicity mo = 1 since _F(a. e ) is non-degenerate in the 
sense of Definition [3] Consider an index e' G {1, . . . , r} \ {e} satisfying the following property: 

(T° ■ a. e i > is minimal among the er° • a.j > (jo £ J, jo 9^ e) such that J0 (c^.o) 7^ 0. (23) 



This index e' play a special role in the computation of the second term of a Puiseux branch of 
main term the root c M ,o- Furthermore, remark that such an index e' exists according to lemma 

2] Indeed -R plJO (c pli o) = Q-jV ^ 3 c5 ""~?/ (ce,o) e a ' J according to (|20)| . But if a.j = 
a.j +ga. e , we obtain a.j — a. e ^- — = a.j a + qa. e — a. e ^ — — = a.j a. 



■ a.j ■ a.j + qO ■ a. e ■ a.j 

■■jo t" y*-*-e? vvc uuLain 1^.7 — n. e — = a.jn + qa. e — a. e — = a.j n a e~r: ■ 

9 ■ a. e 9 ■ a. e ■ a. e 

Consequently since the a.j — a. e J are all equal for j ~ jo we have R^,j (c^,o) = is equivalent 

to 

/,',.:,•„:::,: ^»,:r ::."" II. (24) 

Thus if e does not exist, we would have for all X G C \ R_ and for all er° G K" satisfying ffTTf) . 
W^o j T o =0 (X,09,o) = 1 + E a 3 (ce.o) 6 -"- + £ X CT °' a -°,R M (c e ,o) = [W M , (r o]e(c M ,o) + 

X" a ja Rj (co,o) = 0, which is impossible according to Lemma fj] since here |£e,o| = 

|c^,o] = 1- Obviously, it is possible to have some jo such that 

cr° ■ a. e i = <r° ■ a.j . (25) 

However, if er° G R" is chosen generically so that s° £ Kn 9W(0), the equality (|25[) implies 
necessarily that jo ~ e'. 

For the following it will be necessary to impose two supplementary conditions on 9 (in addition 
to (|13|> ) that depend upon our choice for the index e': 

(a) 9 ■ a. e G Z+ is euen; , . 

(6) 9 ■ a. e , G Z+ is odd. ^ > 
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Remark that these two conditions are not in conflict because 2. e and a. e i are not collinear (since 
<r° ■ a. e , > 0). 

Two other elementary properties will also be used in the following. 

1. Since er° satisfies the generic condition it follows that <r°-a.,v, = cr -ct.„i implies a.j £ 
a. e i + (a. e ) . Thus if jo ~ e', then ■ at.j £ Z+ is odd. 

2. Since j £ A c implies ■ a.j is an even integer, it follows that is also a root of [W^ CT o] e . 

Comment. The following lemma [5] should be understood as a genericity condition that we need 
to impose upon t° in order to prove our main result of this part. 

The existence of an accumulation of zeroes t m „ £ H u ,^ will be shown in Lemma [6] A 
property that is essential to prove Lemma [S] is the following. 

Lemma 5. Let fj, — (p, t°,0) be a parameter vector and consider c^o a root of the cyclo- 
tomic polynomial [W^^oje- Let f2 M(T o(X) = c^.o + c^^X® 1 + o(X 1 * 1 ) be a Puiseux branch of 
W / Atj(T o(X, Y) — of main term the root c^o- Then there exists a generic subset Q C R n such that 

r° £ Q implies arg ( 2HlL J ^ _ mod (7r). 

\ c »,oJ 2 

Lemma 6. Assume that [W^ l<r o] e is a cyclotomic polynomial. There exists a branch Q,*^ (T o(A) o/ 
W„ n-o(X, y) = smc/i t/iai \Q*^ a .o(X)\ < 1 /or X sufficiently small and positive. Thus, for some 

u,n > 0, there exist infinitely many zeroes t m lx rT a of Y\ p <m s h(p~ Sl ~ tBl , . . . ,p~ 3n ~ te ™ ) inside 

We first show how Lemma [6] follows from Lemma [5] and then present the proof of Lemma [5] 
Proof, (of Lemma\^ assuming Lemma\^ Consider a branch of W^ ^o with main term c M ,o, a root 
of the cyclotomic polynomial [W^ |0r o]e) which we write as Q^^a (X) = c M ,o +c (I ,iX'' 1 +o (^X® 1 ^ . 

For r° £ Q we know that arg ( -^i ) 7^ — mod (7r). 

\ c n,oJ 2 

Thus — < arg ( ] < — r — < arg ( — ) < — . Since [W„ ^ole is cyclotomic, the 
2 \ c v,o J 2 2 \ c Ml o/ 2 

first term of fi^ i(T o satisfies \cp,o\ = 1- If we first assume that ^ < arg (^^J < we nave 

cr°(X)\ — 1 + ^i—X^ 1 + otX^ 1 ) < 1 for X small. And in this event, it suffices to set 

fi* 0.0(A) = Jl„ ttT o(X) to finish the proof of the Lemma. 

Now assume that — < arg — < — . 

2 V c,n,o / 2 



Choosing to satisfy (|26[l . we will show there exists a branch fi* of W^^o = whose 
first term equals — c^,o and whose second term is the same as that for fi^ CT o. Applying the above 
reasoning, it will follow that this suffices to finish the proof of Lemma [6] 

The first observation uses the fact that — c^,o is also a root of [W^ i0 .o]e- This follows from 
hypothesis (a) of (|26[) . And since each root c Ml o and — c^o provides a corresponding Puiseux series 
solution of Wp iCr o(X, Y) = according to Proposition [T] there exists necessarily a branch O' ^0 of 

W^ i(T o(A, y) = with Puiseux series expansion given by Sl'^ ^o (A) = — c^o + c^,iA 1 ' 1 +0 (^X^ 1 J . 
We now show the following equalities: 
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This will suffice to finish the proof in this second case since ((27jl tells us that there is a branch 
fi* of W^ t<T o — such that f2p >cr o = — c M ,o + c ( , ! iX'' 1 + o (^X^ 1 ^ ; which then permits to argue 
exactly as in the first possibility. 

To prove (|27|) . we observe that the minimality property satisfied by cr° ■ a. B / implies that the 
terms of lowest degree in X of W^^o [X, fl^ ^.o) resp. W^ ^o ^X, Q.'^ coincide with those of 

W^ ^o (X, C/j.,0 + c^.iX® 1 ) resp. W^ ^a (^X, — c^,,o + c'^^X® 1 ^ . This leads to the following two 
identities for all e > 0: 

[W^o]e (c Ml0 + c M ,iZ #1 ) + X a ° a *' R^, (cn, + c^iX* 1 ) = mod =' +£ 

[W^o] e (-c^o + c^xX^) + A" T °' a -' J R„, e , (-<*,„ H-c^X*'*) =0 mod «' +£ ) . 

Consequently if [W. i<T o]e designates the derivative of [W^ j(T o] e , we obtain: 

'c„,i[w^o]' e (c„, )x^ +x"°-yR^ ( C(4 , ) = 0, 

,c^i[W M , CT o]' e (- C/i>0 ) X** + X CT °' a -',R„, e , (-c M ,o) = 0. 
But according to (|26|) . we have: 

^,i[^,^]U-^, )X<+X CT °- a -' J R^, e , (-c^,o) = -<w[W M , CT o]L(c M , ) X<-X CT °' a -' J^„/ (c M , ) 
Hence from the equations (|28[) . we deduce that i% = $i and 

' _ „ _ Rfj.,e' ( c n,o) , / 9q n 

which proves (|27[) . 

As a result, when ^ < arg ^— < T"> there exists a Puiseux series Q,*^ ^(X) — — c^,o + 
Cp^iX^ 1 + o (^X^ 1 ^ such that cr o(X)| < 1 for X positive in a neighborhood of 0. Thus, in 
either of the two cases for arg (—^^j we obtain zeroes of W^ >cr o (p _1 ,p _t ) whenever i m>fijCr o = 

lo S (^,<t° (P^ 1 )) 27rmi 

: — -r-^ — + - — r—r, where mgZ and p is a prime number large enough. It follows that 

log(p) log(p) 

, , , . 27rm ar g( n ;,^ (P" 1 )) 

C, m ,<tO G =■«,»; it u < is(t m ,^ iCr o) < u + r/, that is, if u < - < u + 77, 

log(p) log(p) 

which is equivalent to: 

2^ + 2tt <m< 2tt + 2^ • W 

For p large enough, we will therefore have zeroes of t — > j(T o(p _1 ,p _t ) inside H Uj »,. Allowing 
p — s- 00 will then produce an infinite set of zeroes within H UiI) of positive real part tending to as 
p tends to infinity; which completes the proof that Lemma [5] implies Lemma [6] □ 

Let us prove now Lemma [5] 

Proof (Lemma [5}. The idea of the proof is to exhibit clearly how arg (c^.i/c^.o) depends upon 
t°. To do this, we need to revisit the construction of c^.i. According to (I29[) we have c^^i = 

~TW R ^ £ ~VT~ — 7- R ecau a l so that (|20|) implies that c"e,o := c^,flp~ l 8 ■<= is independent of r° and 
p. As a result, we first observe: 
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The denominator c^,o[W^ >0 -d]b (c^,o) of is independent of r° and p. 

To justify this assertion we use the fact that if j £ A e then a " 0'Oc.j = t° -cc.j. Consequently 
we have: 



jSA e 

We next deal with the numerator for c^,i. For each k such that k ~ e', we define A^ := 

— g-^ — . Notice that each Afc is independent of r° and p. Moreover, a straightfor- 

ward calculation shows: 

{fc:a. fc - a . c ,e<a. e )} {fe :a . fc -a . c , 6 (a . c > } 

where := g ah a. e — a.*,. We next observe that is independent of k. Indeed, if k and k' are 
such that cx.k — a, a i 6 («-e) and «.*./ — cc. e / € («. e ), then cc.fc — a.^/ £ (cc.e)- Thus, there exists 

q € Q such that a.^ — a.*,/ = na. e . But then ^— — -«. e = qa. e = a.t — a. k r implies 

■ Oi . e 

w fe — w fc'- Thus, in particular wt = w e /. We conclude that = p 11 " w<! ' A^. 

r.. n ^ — ' 

{k:a. h -a /£(a. e >} 



If we now define w — ar g I As ] , then (p e i is independent of r° and p. The 

\{k:a. k -a. e ,e(a. e )} / 

condition that arg(c pl ,i/c (J ,,o) = 7r/2 then reduces to exactly one of the following two conditions: 
(t° • w e ') log(p) + if e , mod (2tt) £ j |; ^ 

But the set M := [J (J |t° 6 K" : (r° ■ w e /) log(p) + cp e > = — + it7r| is of empty interior accord- 

p u€Z 

ing to Baire's Theorem since it is a countable union of sets of empty interior. Now it suffices to de- 
fine Q as the complement of M in order to obtain a generic set of r° for which arg(c Ml i/c^,o) 7^ tt/2. 
This completes the proof of Lemma [S] □ 

Proof of Part 2. 

In this part we still assume that h is not cyclotomic and has no cyclotomic factor, and here 
[h] e is not necessarily a cyclotomic polynomial. 

We have, so far, found an infinite number of zeroes t mlJ _ rT o of t i — > h (p~ Sl ~ tBl , • ■ • ,p~ Sn ~ te ™^J = 

Wu o-°(P~ >P _< ) which accumulate inside E Uj ^. This is possible provided cr° satisfies (| 1 1[) . r° be- 
longs to the generic set Q (see Lemma [5]), and satisfies (|13|) and (|26[) . 

To prove Theorem [2l it is necessary to ensure that these zeroes are not cancelled by possible 
zeroes/poles coming from the factor t — > Am s (s° + tO) of Z(s° + tO), determined by Theorem [T] 

o — s° ■ a ■ t 3 

Such zeroes/poles must be of the form t(B, p) = '—— — - (9t(t(B,p)) > 0), where f3 £ N r \{0} 

■ a ■ *p 

and p is the pole 1 or a non-trivial zero of the Riemann zeta function. 

To do this, it will be convenient to work locally in a "sufficiently small" neighborhood B of any 
generic point § whose real part satisfies pip . By "sufficiently small" we mean the following: 

there exists n = k(B) > such that s = cr° + it £ B implies <r° ■ a.j > k Vj $5 A e . (31) 
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In addition, we must also distinguish between the two possibilities: 

Case A: £ B e ; Case B: j3 € B e . 

The reason for this is that we need to prove that cancellation with the zeroes t(f3, p) does not 
occur uniformly in (3, and the arguments that do this depend upon membership in B e . 

Case A is dealt with in LemmaQwhere we show that for p large enough (i.e. p > po where po is 
a constant depending only upon the chosen neighborhood of s and is, in particular, independent of 
f3 £ B e ) the quantity h (p- s ?-*(^)»i ; . .. jp - s l -*(0,p)8» \ ^ for all f3 £ B e and p. This, however, 

will be possible only after finding an additional genericity condition that the components er° and 
r° should satisfy. Once this conclusion is established, we know, at least for the (3 £ B e , that 
there must be infinitely many zeroes/poles of W„ CT o(p _1 ,p _t ) in H UjT) that are not cancelled by 
the poles/zeroes t(/3,p). 

Case B will be dealt with in Lemma [8] The principal difficulty we encounter here will be that 
h (p~ Sl ~ t01 , ■ ■ ■ can vanish for some t = t((3,p). This is possible, in particular, when 

W^ tjO admits a root in Y that is independent of X and of modulus strictly less than 1. We 
overcome this problem by establishing a weaker property that still suffices to prove Theorem [2] 
Indeed, what saves us is the fact that the set of such t(f3,p) is distinctly smaller than the set of 
all zeroes t m ti rT o constructed in Part 1. 

The reader should therefore also be alert to the change in perspective between Parts 1 and 2. 
In Part 2, the genericity conditions we impose will be locally applied in a suitable neighborhood 
(i.e. satisfying (|31[l ) of a given point s. In Part 1, the genericity conditions were essentially global 
in nature. 

Remark 6. It will be useful in this part to consider the components of the parameter vector 
(j, — (p, r°, 0) introduced previously. This is because we will need to construct an explicit function 
of cr° in order to discover the additional genericity condition. Thus, in Part 2, it will be understood 
that we consider the parameter vector: 

M=(P,T°,0), 

where p is a prime number, r° G Q and 8 satisfies (|13[l and (|26[l . 

Before stating the two main lemmas of Part 2, we first derive a concise (and useful) expression 

for h (p~ Sl ~ tBl , ■ ■ ■ ,p~ s "~ te "^ that distinguishes clearly between dependance upon /x, /3, p (as 

parameters) and cr° as a domain variable for a function. 

Let (5 € N r \ {0}, p a zero of £(s) = with 3?(p) £]0, 1[ (or the pole at s = 1), and p a prime 
number. Given fi — (p, t°,0) a parameter vector as above, we begin by writing: 



/,,, 3 ,p(^)-ft(p- s? - t(/3 " ))9i ,---,P^- t( ^ )e ") = i+E^ 



afcp -« fc .»(-°,W-^, e , T o, p O) 



where 



u k , g (a°,f3) = <7 -a. t -(T u .a^ e " a ^ ; ^,e,.o, p (/3) = i |r u ■ a. k - r u ■ a ■ f f3 ^ t(j ^ , rQ ^ 

We note that v k g _ T a iP (/3) is independent of er° and Uk,e{&° , ft) is independent of r° and linear 
in <x°. We first simplify the right side by grouping together terms indexed by k that give the same 
Uk,e function. Thus, we define the equivalence relation IZp on {1, . . . ,r}: 

k Tip k' <^=> for all cr° u fci e(o"°,/3) = u k , :B (cr , f3). 



tr, ■ OL.k i „x . f t a ■ OL.k 
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We denote the equivalence class of k by [k] and let V denote a set of representatives of these 
classes. 

Remark 7. When f3 G B e and a satisfies (TJT}, it follows that u kt g(cr ,f3) = <x° ■ a. k . We 
conclude that j3 G B e implies a. k Tip a.y if and only if a.k — a.y G (a. e ). 

Thus we have the following expression for fp,0, p (o -0 ) : 

U, , P (<r°) = 1 + E ( E ak P -W.^ ) p -^°°-e\ (32) 
vev \fceM J 

where now, the — it„,e(cr , (3) are pairwise distinct. 

Lemma 7. £ei s be any point such that 3i(s) is a generic point of 9W(0) ('i.e. satisfying flip ). 
Let B denote a neighborhood of s satisfying f31[) . 

There is a generic set Q* C {s : a ■ a. e — 0} = J-(a. e ) satisfying the following property: There 
exists po — po(B) such that p > po implies h ^p~ s i -t C 3,p > ei , . . . ,p~ Sn ~ t< - /3 ' p ^ e "^ ^ if s° G B PI Q* , 
f3 ^ B e , and p satisfies 5ft(£(/3,p)) > 0. 

Proof. Since ft fp-'i-'CfWi , . . . )p -«&-*0V)S»^ = f^ lP {tr°), we will use (J32J) to verify the 
assertion. The main result that we need to do this is as follows: 

Claim: There exist v G V, a generic set Q' C Q (see Lemma\Bj), and po — po(B) such that 
for all (3 £ B e , and p satisfying 9£(£(/3, p)) > we have ^2keM a fcP~" fc ' e '' rCI ' p " 3 ^ 7^ whenever 
(j, — (p, r° ,0) is a parameter vector for which p > po and t° G Q' ■ 

Proof of Claim. For each k G {1, . . . , r} we define the following expressions 

A k ,e(f3) := a. k - g.^L <* • % A,e{P,p) ■= P • 



a k p~ 

For each and each /3 ^ _B e , we next define the relation SH,3 on [v] by setting 



It follows that E a k p- v ^o^°.» (l3) = E "^~ A ' k - eiM ~ i T °'^ 9M 



fcr fc 2 iff A li9 (|3) = ylfc 2> e(/3) , 

and denote a fixed set of representatives by M v p. Thus, two distinct elements of M v ^ determine 
distinct values of A,e(/3). 

Then we easily check that if we put Wj k e P (f3) = p ■ ^ — - — k ^ , we have: 

a ■ l p 

feeM i6A4„^ \fce[i/l; A h ,gV3)=A j>e (J3) J 

(33) 

We now proceed to a proof of the Claim by contradiction. Thus, we assume the assertion is false. 
This means that for any generic subset Q, each v G V and each prime po, there exist p > po and 
some (3 <f_ B e so that if t° G Q and /x = (p,T°,0), then X^fcg[„] a k p~ Vk < e -- r ° = for some p 
such that 5R(i(/3,p)) > 0. 

Since the sum over k on the left side of (|33|) is assumed to equal 0, exactly one of two possibilities 
can occur for the inner sum on the right side of (|33[) . Either: 

1- E fceM; A h ,,W^L,,,W a k p^.»^ = for each j G M„, ; 
or 
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2. there exists j £ M v ,0 such that £ fceH . A k<e W=A jt eW a k p W] - k - 9 -' ,m + 0. 
We /irst show that possibility (1) cannot occur. 

If possibility (1) did occur, then we first notice that the condition Aj.g(f3) = A k ,g(f3) implies 
at.j — cx..k = — - g.^.ip ^ ■ a ■ t /3. We now take the inner product with any cr° = 5R(s°) such that 
s° e B. We obtain the equality <r° '-(a.j - a. k ) = " ''J „ ^ '' "Ei^A. Since /3 € N r -B c 

implies EigA e ft(°' ' a -i) / 0> we conclude: 

— «» ^'OT^T- (34) 

It is now important to observe that the set 

S := {ft : i i A e , 7 (/3) 0, R(t(/3, p)) > 0} is /imie. (35) 

Indeed, since the i(/3, p), which could cancel the zeroes t m l± a .o from Part 1, are necessarily of 
positive real part, we have 

»(t(/3,p))= a m ( 36 ) 

Consequently (using the bound from (J3TJ) ) , K^2idA e — 53i£A e ' a ») ^ ^(/°) < 1- This 

shows that £ is a finite set (and depends upon B). 



Now if p is a prime number satisfying the equation in possibility (1) , then necessarily p A = s< <<T 
is a solution of the equations (indexed by j € Mv^p) 

a k X"°< a ^'- otfc ) = 0. (37) 

These equations do, in fact, depend upon X, that is, they cannot reduce to a linear relation 
among the coefficients {«fc}jbeM> which could only occur if the <r° • a.*,, (fc £ [i/]) were not pairwise 
distinct. However, this cannot happen. 

Indeed, if cr° ■ a. kl = er° ■ a. k2 then A kl ,e((3) = A 2 ,e(/3) implies A' klt g[P,p) = A' k2 , g ((3,p). 
Thus, 

p a. kl = pAk u e(fi) + A' klt g(P,p)a ■ f /3 = pA k2 ,e(P) + A' k2M {/3, p)a ■ t (3 = p a. k2 , 

and a. kl = a. k2 follows. 

It is then clear that there exists 9K = D)l(B) > such that all common solutions to these 
equations belong to the interval \X\ < 9Jt. 

Furthermore, we have a positive lower bound for Sft(p) since 9?(t(/3, p)) > implies, by (|36|) . 
that 5ft(p) > mmj^. Ae a ■ a.j > n. 

It is then clear that there exists a constant po = Po(B) such that p > po implies 



p^ > exp I log(p) min^ A a" ■ . > ^ 



Thus, possibility (1) cannot occur. 

We now show possibility (2) cannot occur. 

Given that EjbeH- A (P)=A- (3) o k p Wj - k ' e ' p( - ,3) / for some j G M v ,p, we first choose d> £R n 
so that the scalar products </> ■ Aj,e(/3) (j £ M-v,p) are pairwise distinct. Since the Aj,$(j3) (for 
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j € Mv,p) are distinct by definition, elementary linear algebra shows that for each (3, there exists 
a finite union Lp of proper linear subspaces such that if cj> ^ Cp then these scalar products are 
pairwise distinct. Thus, Q-r := R n — U l g^B e £/3 is a generic subset of R™. 

Given <f> G Q-r, we set r° := It follows that if x remains outside a subset of R of empty 
interior, then the scalar products x(f> ■ Aj t e(/3) {j £ M v ,p) are pairwise distinct for all (3 ^ B e . 
We can then think of (|33[1 as an identity between functions of x that says the following for all x 
outside this set of empty interior and all f3 ^ B e : 

0= Yl m ] ((3,0,p)p- lx ' l >- A ^ e{J3) (38) 
where mj{P,0,p) = f J2 a k p Wi - Ke ' pm \' A ' i ' B ^' p) ■ 

^fceMi -4fc,e(/3)=^,e(/3) ' 
Denoting the elements of as {/n < fa < ■ ■ ■ < ha}, where R = #M. v> p, and differen- 

tiating (both sides of (|38p ) ii — 1 times with respect to x we obtain a set of i? linear equations, 
which in matrix form is: 

V„„a ■ M = (39) 
where *M = (m hl {(3, 0, p)?T l * *' A ^ - e(0 \..., m hR (/3, 0, p)p~ lx and V„ lj9 = (wfc.,fc i ) 0i j e{li . 

with % Q ,h 6 = ( - ia; </> • Ah b ,e{f3)) a 

By hypothesis, the second possibility implies that M / 0. In addition, we recognize 
as a Vandermonde matrix whose Vandermonde determinant does not equal for all (3 B e 
precisely because <p G Q-r, i.e. the scalar products x <p ■ Ah b ,e(/3) are pairwise distinct. Thus, (|39[) 
cannot occur. So, possibility (2) is also impossible for all (3 £ B e , provided r° € Q-r- With this 
contradiction, it suffices to set Q' = Q n Gt to complete the proof of the above Claim. □ 

Finishing the proof of Lemma [7] 

Having found both po(B) and the generic set Q' during the proof of the Claim, we now finish 
the proof of the lemma by finding the generic set Q* with the asserted property. 
We assume 

fj, = (p, t°, 0) is a parameter vector such that p > po(B) and r° G Q' . (40) 

It is now convenient to use the coordinates <r° on the hyperplane {cr° ■ ct. e = 0} that have also 
been used in the proof of Lemma[3]( Assertion 2). We can also put 5 = (atj), t j) S {i n-i}x{i r} ^ 
M„_i, r (Z) such that for for j G {1, . . . , r} and i G {1, . . . , n — 1} aij — ctij — < ^ ± cn & ; so that we 
have for all j G {1, . . . ,r} <t° ■ a.j = er° • a.j. In this way, the function u Vl e(er , (3) appearing on 
the right side of (|32[) then becomes a function u„,o(3' , (3) = <7° ' S. w — <x° • fi • */3 g. "./^ which is 
linear in ct . 

For each /3 ^ B e , we now choose and fix tZ> = <I>(/3) G R n_1 to be a vector whose components 
are Q- linearly independent and so that Uv,e(&, /3) are pairwise distinct numbers indexed by v G V. 
We then set <r° — tu>. 

Since u v fi(t£j, (3) = t u Vt e (w, /3), it follows that (|32[1 can then be rewritten as follows: fij,,/3, P (tus) = 
1 + Au,n,p{0) exp (— tlog(p) u„ t g(u>, /3)) , where some A V)ll . t p{J3) / (/or eacft /3,p) by the 

Claim. Since the u Vt e(&,/3) are pairwise distinct, the #V functions (defined for each fi,f3,p) 
t 1 — ► cxp (— t log(p) u v ,e(Cj, (3)) ; (v G V) are linearly independent. It follows that t —¥ f^,,/3,p (iw) 
is not identically zero for each ((3,p) and fi satisfying (|40[) . 

Thus, for each such fj,, we conclude that /^,/3, P (<x ) is not identically zero for each (f3,p). An 
application of Lemma [3] then tells us that each hypersurface {/^,/3 iP (<t) = 0} has empty interior 
inside R" _1 . 
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Define M T o g = (J ffl% P {0)- It follows from Baire's theorem that each M T o e defines 

P,p,p>p (B) 

a set of empty interior inside R n_1 . We set Q T a g = R" _1 — M^.o g . Via the map or —> cr° each 
Qt-o q defines a generic subset G-r a ,o of the hyperplane {cr° ■ ct. e = 0}. 

We then finish the proof of Lemma [7] by setting (for any satisfying (|13|) and (|26[0 Q* = 

js = er° + £t° t° G Q 1 and cr° G &r°,e} ■ D 

We now must address Case B to complete the proof of Theorem [2] Using the expression (|32[) . 
we first observe that there exist two a priori possibilities if Case B (i.e. /3 6 B e ) occurs: 

1. The property asserted by the Claim in the proof of Lemma [7| is true if f3 € B e and p satisfies 
5R(*03,p))>O; 

2. The property asserted by the Claim in the proof of Lemma [7| is false for some (3 £ B e and p 
satisfying $t{t((3,p)) > 0. 

If possibility 1 occurs, then we can repeat the proof of Lemma[7]to complete the proof of Theorem 
[2] Indeed, this would mean that the conclusion of Lemma[7] applied to all (3. Thus, there would be 
infinitely many zeroes/poles of i(T o (p^ 1 ,p~ f ) in H Ui , that were not cancelled by the poles/zeroes 
t((3, p) for any f3, not just (3 ^ B e . Since this would be the case for fj, such that (er°, r°) is a generic 
vector, Theorem [2] would follow. 

So, the difficulty occurs only when possibility 2 happens. Our argument in this case is quite 
different from that used to prove Lemma [7) Essentially, it reduces to a counting argument. 

For each e G]0, 1[ we first define the region HJ j?) as follows: 

«(t)>e 

< u < 9 (t) < u + rj. 

In light of the preceding discussion, the proof of the next lemma will therefore finish the proof of 
Theorem H 

Lemma 8. Moving er° so that s° £ 9W(0) PI B if necessary, there are inside (as 8 — > 0) 

some zeroes t mlJia .o coming from W^ ^o [p ,p~) which are not poles of the (^-factors of Am s 
corresponding to the f3 € B e . In particular there exists a infinite number of zeroes of Z(s° +t6) 
inside E Uir) which are not cancelled. 

Proof. Let /i be a parameter vector as defined in Remark [S] Let f3 £ B e and assume p satisfies 
?R.(t(f3,p)) > 0. We assume fJ,,(3,p are such that for each v G V YlkeM a kP~ Vk,e, ' r0 = 0. 
Applying the observation made in Remark[7]to the expression for Vk,^,, P (f3), we see that f3 £ B e 
implies that the set V can be identified with a set of representatives for the equivalence relation 
TZ: 

a. kl TZ a.t 2 if and only if a. kl G oc.k 2 + {a. e ) ■ 
We can therefore express the sum as follows: 

Moreover, since f3 G B e , the expressions involving a product with a ■ t f3 equal sums over i G A e . 
The fact that i £ A e implies a.i = qiCt. e . A simple calculation now shows that 

_0 „ a „ t°.o-*/3 „ Q „ -r°-a. c 
r ■ a.u-V ■ OL. k e . a ,ip = t ■ a.k-a ■ a. k g . a * ■ 



As a result, = V" a k p v k,9,-r0 = V" 



a k p "p 



ke[v] {fc:a. fc -o;.„e(a. c )} 

This now implies that for each v G V, p 9 a 1/3 9 a " is a root of the generalized polynomial 
E/ t *i u a k p- iT ° a k Y e a k . 
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Applying the above interpretation of V, we further observe that for any fi = (p,T°,0) such 
that <t° satisfies IflTjl: 



v£V {k-.OL. k —a.uS(oc-e)} 
v£V {k:ac. k ~a. v e(a. c )} 



Thus, W^o [X,p e—'f^ e .«. e I = /or any X. 

In addition, we observe that this root is of modulus strictly less than 1. 
Indeed jT e^+'TT^f = exp (--^fy log(p)) < 1 because U(p) > 0. 

Adapting the discussion (and using the notations) from Part 1, we conclude that there exists 
a Puiseux branch j(T o of W fJf , T o(X, Y) — that reduces to the constant c M ,o = c Mi o(/3,p) = 



p b <* l P e-a.e whose norm is both independent of p (by (|20|) 1 and strictly less than 1. 

Now, what interests us are the zeroes t m ^ rT a of the function t — » W fJit0 .o(p~ 1 ,p~ f ) that are 
determined by this branch fi^ ^o, and which belong to HJ >f; . Such t m tM rT o are necessarily of the 

form t m tx rT o — — '"o^gff" 1 + logtp) ' where m 6 Z and p is a prime number. 

To say that t m tl cr o £ H„ jr? is to say that SJ(t OTjM>cr o) > e and u < Sf(t mi/tjCT a) < it + rj. Thus, 

/ log|c u ol\ , u\oe(p) , . (m + ri) log(p) . , 

p < exp 61 ^' 1 and > + arg(c M , < m < ^ LL_§^ + arg ( c ). 

\ e J An 2n 

For fixed cr° (satisfying (|11[) . r° (belonging to Q') and (satisfying (|13[l and (J26J ) , we can 
count the number of such t m(lt « (ignoring multiplicities) if they are distinct. Indeed, the t m fJf Cr o 
are pairwise distinct. Suppose t ra ^ L tT a = t m i ^.o with /x' = (p',T°,#). By taking the real parts, 

we S et ~ 'Tog(p') 01 = " 'Togtp')" 1 • And since l c ^°l = I'V.o! ( b y Col). we obtain log(p) = log(p'), i.e. 
p = p . Comparing the imaginary parts then gives m = m! . 

Consequently the number of such t m „ CT o (counted without multiplicities) inside v is given 

by iV (CT o iT o je) ( e ) ==E p<axp ^ ■° g |c t .,oi ^ ( Il2 l M +?) where £ = £(<t°,t» and satisfies |£| < 1. 

The prime number theorem tells us ^2 p<x log(p) ~ x (x — >• oo) and X/ J)<a . £ = 0( 7r ( a; )) — 
0(2: ) (x — ¥ oo). We conclude with the basic asymptotic: 



iV (er0 , T o, e) ( £ ) ~ ^ exp ^- * j (e— >0). (41) 

The last step is to estimate the number of possible poles/zeroes (counted without the mul- 
tiplicities) coming from t — > Am s (<t° + ii~° + t0) (see Theorem [T]). If to is a zero/pole of t ^ 
A Ms (f° + iT° + W) inside H£ i7) , then there exists (3 e N r \ {0} such that (<r° + it + t o 0) • a -*/3 
is a zero or a pole of £ (•)• This implies U (to) ■ a • */3 < 5ft ((<r° + it + t o 0) • a • */3) < 1. Thus, 
the bounds e < 5R (to) < g.^.tg and ■ a ■ f (3 < j follow. And since • a. 3 > for each j, there 
exists a constant c = c(0) > such that ■ a ■ t f3 > c ||/3||. Hence 

ll/3||= O^" 1 ), (42) 

from which, the condition (to) < U+?7 then implies 9 + i~r° + toO) ■ a ■ *0) — O u „ T o (e -1 ) • 

Having fixed 77 > 0, the number of zeros or singularities of a ^-factor of t 1 — > Am s (<t + if + t#) 
is given by O (| log (i)) , with regard to a classical result concerning the estimation of the number 
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of nontrivial zeros of the Riemann zeta function having the imaginary part less than i. Moreover, 
the same zero or singularity can, according to ()42[) . appear in at most (-) r terms; which gives at 

most O log (i) J zeros or singularities coming from t i — > Am s (f° + it + t#) inside H^», 

(counted without their multiplicities). 

Hence this estimation is negligible regardless to JV^o^o^^e), which achieves the proof of this 
lemma and completes the proof of the main theorem [5] □ 



4 Study on the possibility of a continuation of dimen- 
sion strictly inferior beyond <9W(0). 

Let us start with this example coming from N. Kurokawa in [18]. Put h(X\, X2, Xz) = 1 — 
X1X2 — X2X3 — X3X1 + 2X1X2X3. One can easily check that h is not cyclotomic and that the 
corresponding Euler product Z(s 1 ,s 2 , s 3 ) = U p (l -p"" 1 "" 2 - p-"*-^ _ p -"3-si + 2p - s i- s 2-s3) 
continues to W(0) = {(si, s 2 , S3) G C 3 | o~\ + a 2 > 0, a 2 + 03 > 0, 03 + 01 > 0}. According to the 
previous results, we know that there does not exist any meromorphic continuation to an open ball 
of complex dimension 3 beyond any point of 9W(0). 

However Z(s\,S2,0) = Yl p (l ~~ P~ S1 ) (l ~~ p" 2 ) = c(s 1 )c(s 2 ) * s merom orphic on C 2 . So here 
there is a continuation on a complex hypersurface beyond the point 6 9W(0). This example 
shows that Theorem [2] is optimal from the point of view of the complex dimension of a possible 
meromorphic extension beyond <9W(0). 

4.1 On the existence of a continuation on a real hypersurface be- 
yond 9W(0). 

We have just seen that the natural boundary, when existing, makes sense only for meromorphic 
continuations of maximal complex dimension. Thus we cannot expect to make sense to the natural 
boundary in a general way if we come down from a complex dimension. 

However, we can wonder if it is possible to improve the previous results only by coming down 
from one real dimension; in other words if there can exist or not a continuation on a real hypersur- 
face beyond <9W(0) in a sense needing to be precised since in this case the notion of holomorphy 
does not a priori make sense. The answer is given in Theorem 3. For that we need to appeal to 
the theory of C-R functions (Cauchy-Riemann) on a real hypersurface which generalises the class 
of holomorphic functions. To begin let us recall the following classical result: 

Lemma 9 f |19|). Let D be a connected open ball o/C™ and f and g be analytic functions on D. 
If f coincides with g on a part S of D for which there exists a connected open V of D such that 
V \ S is not connected, then f coincides with g on D. In particular, this result is true if S is a 
real hypersurface of D. 

The reader could refer to [19] page 15 for a proof. 

Now the key point is a fondamental result concerning C-R functions of which we will find a 
proof in [22] : 

Lemma 10. Let 9) be a real-analytic hypersurface in an open of C n , and f : f) — > C be a real- 
analytic C-R function. Then, ifv&Sj, there exists a neighborhood U of v and F an holomorphic 
function on U such that F — f on U n f) . 

Finally, the proof of Theorem 3 follows directly from the two previous lemmas: 
Proof of Theorem 3: 
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Consider $) to be a real-analytic hypersurface which intersects across F(ct. e ) and assume by 
absurd that / is a continuation of Z(s) on ij in a neighborhood of a point s° 6 f) ^(a.e)- 
Moreover put S = $) PI W(0). Then, thanks to lemma ITOl there exists a neighborhood U C C™ of 
s° and F an holomorphic function on U such that F = f on U HSj. But since / is an extension 
of Z(s), we also have Z — f — F on S. According to lemma [5] we have Z — F on U PI W(0) / 0. 
But that means that there exists an open ball B C U C C n centered in s° g J-"(a. e ) such that f 1 
extends Z to B; which is impossible in accordance with Theorem [2] □ 
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